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ABSTRACT: The behavior of dilute salt-free solutions of charged flexible polymer molecules in poor solvents
is studied using molecular dynamics simulations. The polymer molecule is modeled as a chain of charged spheres,
the counterions are modeled as charged spheres, and the solvent molecules are incorporated explicitly and modeled
as uncharged spheres. The pearl-necklace structures predicted by theory and observed in simulations with implicit
solvent are not clearly seen in snapshots of chain conformations, although there is a clustering of monomers. An
analysis of the single chain structure factor using a Kratky plot is misleading and not consistent with an analysis
of cluster formation or a visual examination of snapshots. The conformational dynamics, as manifested in the
decay of the intermediate scattering function, is relatively insensitive to solvent quality, except for the poorest
solvent conditions. In this case the single chain structure factor displays oscillations, and the intermediate scattering
function displays a dynamic slowing down at corresponding wavevectors. The simulations suggest that the presence
of explicit solvent molecules can be an important aspect of polyelectrolyte behavior in poor solvents.

I. Introduction

The majority of polymers are composed of hydrophobic
backbones and therefore do not dissolve in water. If they are
synthesized with ionizable groups that dissociate in solution,
however, the resulting electrostatic repulsion between the
monomers prevents aggregation and precipitation. The balance
between this electrostatic repulsion and the solvent-induced
attractive interaction in polyelectrolyte solutions results in
interesting static and dynamic properties that have been the focus
of considerable research.1-4 For example, while charged poly-
mers are extended in good solvents and uncharged polymers
are collapsed into spherical globules in poor solvents, charged
polymers in poor solvents can display conformations intermedi-
ate to these extreme cases.

The conformational properties of isolated polyelectrolyte
molecules in poor solvents are of current interest. Kantor and
Kardar5,6 argued that a collapsed spherical globule would be
unstable with respect to capillary wave fluctuations, which make
a charged liquid droplet split into smaller droplets.7 They
therefore suggested that the polyions would assume necklace-
like conformations with collapsed globules joined by long thin
strings. Dobrynin, Rubinstein, and Obukhov8 developed a
scaling theory based on this necklace model and predicted a
cascade of abrupt transitions between necklace-like conforma-
tions with different numbers of globules. This model, which
replaces the cylindrical model of polyion conformations sug-
gested previously,9-11 has captured the imagination of the
polyelectrolyte community. A number of computer simulations
of single polyions have been reported8,12-19 where the pairwise
additive site-site interaction consists of the sum of a Coulomb
repulsion and a short-ranged attractive potential (to mimic the
effect of the poor solvent). These simulations support the bead-
necklace structure and sequence of transitions predicted by
theory.

Experimental verification of the bead-necklace structure has,
however, been elusive. While there have been many experiments
on dilute solutions of synthetic polyelectrolytes,20-23 using a
number of different techniques, including viscometry, potenti-
ometry, light scattering, X-ray diffraction, and neutron scattering,
it has not been possible to obtain a definitive marker of the
bead-necklace structure. Recently, Minko et al.24,25studied poly-
(2-vinylpyridine) adsorbed on a solid mica surface by atomic
force microscopy (AFM) and reported that single polyelectrolyte
molecules show a variety of different conformations ranging
from a wormlike chain to a pearl-necklace-like conformation
and finally a compact globule as the ionic strength of solution
is increased, consistent with the theoretical predictions. Similar
results were also obtained by Kirwan et al.,26 who investigated
the collapse of poly(vinylamine) molecules induced by variations
in the solution pH. A caveat, however, is that the conformations
of an adsorbed polymer are expected to be significantly different
from those in bulk solution.27 Therefore these experiments,
although suggestive, are not conclusive regarding polyion
conformations in solution.

In this work we revisit the problem of single polyelectrolyte
chains in poor solvents using molecular dynamics simulations
with the solvent molecules incorporated explicitly. Previous
simulations for the collapse dynamics of neutral polymers28 and
semidilute polyelectrolytes in poor solvents29 have demonstrated
the importance of explicitly incorporating solvent molecules in
strongly coupled systems. In particular, the stability of a locally
collapsed globular conformation is artificially enhanced with
implicit solvent because the solvent-induced attraction is present
even between interior sites of the globule, where no solvent
molecules are present. The solvent-induced effect is therefore
patently many-body in nature, with exterior sites experiencing
a different interaction than interior sites, an effect that is not
present in implicit solvent models.
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Our main result is that we do not observe bead-necklace
structures in snapshots taken from the simulations. An analysis
of the conformations using cluster algorithms, however, gives
results that are consistent with the theoretical predictions. In
our simulations, the globules are held together quite loosely and
are therefore much more mobile and dynamic objects than might
be inferred from previous simulations. Many static properties
of our model, such as the average chain size, are similar to those
obtained from implicit solvent models, but some dynamic
properties are quite different.

The rest of this paper is organized as follows. In section II
we describe the molecular model and simulation details, in
section III we present and discuss static and dynamic properties,
and in section IV we summarize our results and present some
conclusions.

II. Molecular Dynamics Simulations

A. Molecular Model. The molecular model is similar to that
used in previous work.29 The polyion is composed of uniformly
charged monomers connected by finitely extensible nonlinear
elastic (FENE) springs. The counterions are modeled as spheres
of the same size and magnitude of charge (but opposite sign)
as the monomers of the chain. Solvent molecules are included
explicitly as a third component, which are modeled as uncharged
spheres. The interaction potential,Vij(r), between sitesi and j
is given by

wherekB is Boltzmann’s constant,T is the temperature,Zi is
the charge valence of sites of speciesi, i.e.,Zi ) +1, -1, and
0 for monomer, counterion, and solvent sites, respectively, and
lB is the Bjerrum length, defined by

wheree is the unit charge andε is the dielectric constant of
solvent. In the above,VLJ(r) is the Lennard-Jones (LJ) potential,
truncated at 2.5σ and shifted, whereσ is the LJ collision
diameter, andVWCA(r) is the repulsive LJ potential truncated at
21/6σ and shifted. Theλij are solvent quality parameters given
by λmm ) λss ) λ, andλij ) 0 for all other pairs ofi and j,
where “m” stands for monomer and “s” for solvent. The Ewald
summation method is used for handling the long-range nature
of the Coulomb potential.

The bonding potential between neighboring beads along the
polymer backbone,VF(r), is given by

wherekF is the spring constant andR0 is the maximum extension
of the bond. In this simulation, we usekF ) 30.0kBT/σ2 andR0

) 1.5σ; these parameter values prevent bond crossing.
The solvent quality is modified by changing the parameter

λ. The nonelectrostatic contribution to the monomer-solvent,
monomer-counterion, counterion-counterion, and counterion-
solvent potentials is purely repulsive and accounts for excluded
volume. However, the nonelectrostatic contribution to the
monomer-monomer and solvent-solvent potentials becomes
attractive asλ is increased. Whenλ is equal to 0, all
nonelectrostatic interactions are identical, and therefore the

solvent quality is good. On the other hand, whenλ is equal to
1, the attractions between monomers and between solvent
molecules make the solvent quality poor;28 the solvent quality
is changed by tuningλ between 0 and 1. The advantage of using
this potential instead of the Lennard-Jones potential is that the
repulsive part does not change appreciably withλ. As shown
in our previous study,28 this choice of interaction allows one to
use larger time steps in molecular dynamics simulations.

B. Simulation Method. The simulation cell is a cube of side
length L with periodic boundary conditions in all directions.
We studysinglepolyelectrolyte chains with degrees of polym-
erization, Nm ) 16, 32, and 64 with the same number of
counterions for charge neutrality. In some cases (especially in
poor solvent conditions) we also investigateNm ) 128 and 256.
The box lengthL is chosen such that the monomer densityFmσ3

is ∼0.004. For example,L ) 16σ, 20σ, and 25σ were used for
Nm ) 16, 32, and 64, respectively. In most cases,Fmσ3 ) 0.004,
but to study possible finite size effects, we also perform
simulations ofNm ) 16 for Fmσ3 ) 0.001. Solvent atoms are
added to the simulation box to make the total densityFtotσ3 )
0.864. Lengths are measured in units ofσ, time in units ofτMD

) (mσ2/εLJ)1/2, and temperature in units ofεLJ/kB. For simplicity,
we henceforth set the three parameters,m, σ, andεLJ, equal to
unity and defined a reduced temperature,T* ≡ kBT/εLJ. In the
present studyT* ) 1.0.

The molecular dynamics simulation method is a standard
application of existing techniques, and the reader is referred to
a previous paper for details.29 Initial configurations are generated
with the atoms on the lattice points of a face-centered-cubic
structure withNm adjacent vertices chosen for the polyion. Initial
velocities are generated via a Gaussian random number generator
and scaled to give the desired temperature. The system is
evolved using the explicit reversible integrator30-32 with the
Nosé-Hoover thermostat,33,34 with an integration time step of
0.005τMD and a Nose´-Hoover coupling constant of 5. Initial
conformations are considered to be equilibrated when the total
energy, system temperature, and the chain size do not drift. After
equilibration, trajectories of polyions, counterions, and solvents
are sampled every 1000 time steps (5τMD), and statistical
averages are obtained over 1000-3000 configurations. The
average bond length between monomers in a polyelectrolyte
chain was constant ()0.965) for allλ.

III. Results and Discussion

A. Chain Dimensions.The scaling of chain size with the
degree of polymerization has been studied extensively.27 In good
solvents, electrostatic effects dominate, and the mean-square
radius of gyration,〈Rg

2〉, scales asNm
2ν with ν ) 1: i.e., the

chain is extended (provided counterion-mediated attractions are
not significant). In very poor solvents, solvent-induced effects
dominate, and the chain is collapsed, andν ≈ 1/3. In solvents
of intermediate quality the balance between electrostatic and
solvent-induced effects is more subtle. According to the theory
of Dobrynin et al.,8,35,36 the chains form a necklace of blobs.
The molecules are locally collapsed, but these blobs are arranged
so that the scaling withNm is the same as in good solvents.
The results of the chain size obtained from our model are
consistent with what has been observed in previous simulations
with explicit counterions but implicit solvent.

We first estimate theθ solvent condition for our model from
simulations of neutral chains. Figure 1a depicts〈Rg

2〉 (normalized
by Nm) as a function ofNm for neutral chains for various values
of λ. In aθ solvent,〈Rg

2〉 ∼ Nm and the curve in Figure 1a will
be flat. We find that this happens forλ ) 0.1, where〈Rg

2〉/Nm

Vij(r) ) kBT
ZiZjlB

r
+ λijVLJ(r) + (1 - λij)VWCA(r) (1)

lB ) e2

εkBT
(2)

VF(r) ) - 1
2
kFR0

2 ln(1 - r2

R0
2) (3)
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is almost independent ofNm in the range ofNm ) 16-64. We
identify λ ) 0.1 as theθ point for this model. The slight negative
curvature seen forλ ) 0.0 and 0.1 may be attributed to the
finite size of the simulation box and the finite concentration of
polymer molecules. Since the monomer concentration is fixed
at Fmσ3 ) 0.004, the simulation box linear dimension only
increases asNm

1/3 with increasingNm. In good andθ solvents,
the longer chains “feel” the edges of the box more than the
shorter chains. In addition, the overlap threshold concentration,
Fm
/ , scales asNm

-4/5, and the longer chains are therefore closer
to Fm

/ than the shorter chains.
The overlap threshold concentration can be estimated from37

whereR is the root mean-square end-to-end distance. For neutral
chains and forFmσ3 ) 0.004 andλ ) 0, R ) 4.69, 7.96, and
11.85 forNm ) 16, 32, and 64, respectively, with corresponding
values ofFm

/ ) 0.189, 0.0775, and 0.0470. For charged chains
and forFmσ3 ) 0.004 andλ ) 0, R ) 7.58, 15.0, and 28.7 for
Nm ) 16, 32, and 64, respectively, with corresponding values
of Fm

/ ) 0.180, 0.0232, and 0.00330. For charged chainsFm
/ ∼

Nm
-2 and is therefore a much stronger function of the degree

of polymerization. With this estimate ofFm
/ , the concentration

of neutral chains is belowFm
/ but charged chains withNm g 64

may be interpreted to be in the semidilute regime forλ ) 0.
We do not believe the proximity to the overlap threshold

concentration to be significant. It is important to emphasize that
this is just an estimate of the overlap threshold concentration,
i.e., the concentration in a real solution where chains are likely
to interact with other molecules on average. In the simulations,
however, we have only one chain, and its distance from periodic
images is always constant. In any event, in poor solvents the

size of the chain is much smaller, and thereforeFm
/ will be

much higher than in good solvents. In fact, the applicability of
these scaling ideas for poor and marginal solvents has been
questioned,38 and they should not be taken literally. It is more
important to establish that finite size effects do not play a
significant role. We have studied different system sizes (as
described in the previous section) to estimate finite size effects,
for Nm ) 16.

The value of the scaling exponentν decreases as the solvent
quality is decreased. Figure 1b depicts the variation of〈Rg

2〉
with Nm (on a logarithmic plot) for various values ofλ and for
lB/σ ) 1. The legend shows the slope of the lines. There are
several features worth noting.〈Rg

2〉 does not grow linearly with
Nm for λ ) 0, although it is extended compared to the neutral
chain. This contraction relative to the expected behavior could
be due to the finite size effects mentioned above. Note, however,
that the effective solvent-mediated potential between polymer
beads is attractive even forλ ) 0; i.e., the effective potential
between monomer beads with explicit solvents is more attractive
than that without solvent atoms.39 As λ is increased, the scaling
exponent decreases, withν ≈ 0.83, 0.73, and 0.31 forλ ) 0.3,
0.4, and 0.5, respectively. Interestingly, the scaling exponent
for λ ) 0.5, ν ) 0.31, is even smaller than that of collapsed
chains and is related to the chain-length dependence of the
collapse transition regime. The collapse transition is known to
have a finite transition range, which scales as 1/xNm.40 For λ
) 0.5, the chain is not completely collapsed forNm ) 16 but is
completely collapsed forNm ) 64.

The size of an isolated polyion displays a nonmonotonic
dependence on the strength of the electrostatic interaction,lB,
in good solvents but increases monotonically withlB in very
poor solvents. Figure 2a depicts the mean-square radius of
gyration,〈Rg

2〉, as a function oflB for Nm ) 16 and for various
solvent conditions. In most cases, a nonmonotonic dependence
of 〈Rg

2〉 on lB is observed, with the peak occurring forlB ∼ σ.
For small values oflB the chain properties are dominated by
the repulsion between the monomers. In this regime, increasing
lB results in an increase in the chain size. For large values of
lB, the correlations between monomers and counterions become

Figure 1. (a) 〈Rg
2〉/Nm of a neutral chain as a function ofNm for various

values ofλ. Theθ solvent condition, whereR2 ∼ Nm, occurs forλ ≈
0.1. (b) A log-log plot of 〈Rg

2〉 as a function ofNm for a charged
chain (lB ) 1) for various values ofλ. The slope of each line and
statistical uncertainties are shown in parentheses in the legend, for each
value ofλ.

Figure 2. 〈Rg
2〉 as a function of (a)lB for various values ofλ andNm

) 16 and (b)λ for various values ofNm and lB ) 1. In (b) the result
for a neutral chain withNm ) 16 is also shown for comparison.

Fm
/ )

0.64Nm

π
6

R3
(4)
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important. In this regime, increasinglB results in a decrease in
chain size because the correlations between counterions cause
them to induce attractions between monomers beads, either by
forming dipoles with monomers or by acting as ionic bridges.
Such behavior has been reported previously.37,41-43 In very poor
solvents, however, increasinglB results in a monotonic increase
in 〈Rg

2〉 for all values oflB. This is because more counterions
are in the immediate vicinity of the polyion aslB is increased,
and this has the effect of swelling the polymer.

The polymer size decreases monotonically as the solvent
quality is decreased, as expected. Figure 2b depicts〈Rg

2〉 divided
by the degree of polymerization,Nm, as a function of the solvent
quality, λ, for Nm ) 16, 32, and 64 and forlB/σ ) 1. Also
shown, for comparison, is the behavior of a neutral chain for
Nm ) 16 with the same nonelectrostatic interactions as the
charged chain. For all values ofλ (for Nm ) 16) a charged
chain has a larger size than a neutral chain. When the solvent-
induced interaction is either weak or absent (e.g.,λ ) 0 and
0.2), the polyion size is larger than a neutral chain by the factor
of 2-3, and this size difference decreases asλ is increased.
However, the polyion never achieves the same size as the neutral
chain, even for very poor solvents (λ ) 1). This is because in
poor solvents the counterions are present in the interior of the
collapsed globule, and this tends to swell the chain relative to
the neutral chain. The transition from an extended to a globular
state moves to higher value ofλ in a charged chain when
compared to a neutral chain of the same length. In addition, for
charged chains, the value ofλ at which the collapse transition
occurs does not depend on the degree of polymerization,Nm,
although the transition is sharper for longer chains.

There has been some discussion regarding the order of the
polyelectrolyte collapse transition44 with suggestions that the
transition is continuous for neutral chains and discontinuous for
charged chains. A bimodal size distribution, which is the
evidence of the discontinuous or the first-order transition of a
single polyelectrolyte chain, has been observed by experi-
ments45,46 and simulations without explicit counterions.12 Of
course, a truly discontinuous transition occurs only in the limit
of Nm f ∞, and it is difficult to examine the order of the
transition in simulations of chains with finite length. An
examination of the distribution of chain sizes does, however,
shed light on the issue. Figure 3 depicts the probability
distribution of〈Rg

2〉 for Nm ) 64 and various values ofλ. For
λ ) 0.3 and 0.5, the chain is extended and collapsed, re-
spectively, and the distribution shows one peak nearRg

2 ≈ 45
and 10, respectively. Forλ ) 0.4, i.e., solvent condition near
the collapse transition, the distribution is bimodal with two peaks
clearly distinguishable. This is similar to what is observed in
simulations without explicit solvent but with explicit counter-
ions.16-19 It should be mentioned that the bimodal distribution

is not observed for chain lengths ofNm ) 16 and 32 because
the collapsed and extended states are too similar in size.

The qualitative behavior of the chain conformations is not
sensitive to the polymer concentration in the dilute regime.
Although there is only one polymer molecule in the simulation
cell, the monomer concentration is finite because of the finite
size of the simulation cell. In the results presented thus far, the
monomer concentration was set toFmσ3 ) 0.004. Of course,
the monomer concentration is an important parameter because
asFm decreases, the entropic effect causes more counterions to
leave the region near the polymer; in theinfinite dilution limit,
the counterions would leave the polymer entirely. This leads to
the weaker screening of the intramolecular electrostatic repul-
sion, and the collapse transition should occur for a large value
of λ (or poorer solvent condition). We observe these effects in
simulations forFmσ3 ) 0.001, and we do not show these results
because the qualitative behavior is the same forFmσ3 ) 0.001
and 0.004. Note that, unlike implicit solvent models, the
computational cost of our explicit solvent model approximately
scales as 1/Fm, which places limits on the monomer concentra-
tions that we can investigate.

B. Bead-Necklace Formation.Scaling theories8,35,36predict
that a single polyelectrolyte chain forms a necklace of blobs in
poor solvents, a prediction that has been supported by many
computer simulations8,12-15 of polyelectrolytes without an
explicit treatment of the solvent. As the solvent quality is
decreased, these blobs coalesce to eventually form a spherical
globule in very poor solvents.

We do not see distinct signatures of these pearl-necklace
structures in our simulations. Figure 4 depicts representative
snapshots of a single polyelectrolyte chain for various values
of λ, lB ) σ, andNm ) 64. As the solvent quality is decreased,
the monomers on the chains begin to cluster. In some cases,
we do see a dumbbell structure (see snapshot forλ ) 0.4) which
is similar to the pearl-necklace structure. However, under these
conditions the polymer chain undergoes significant conforma-
tional fluctuations, and shapes such as amorphous globules,
extended strings, and sausage-like shapes are also observed.
Therefore, we cannot claim that the dumbbell structure is the
most dominant structure, let alone the only conformation.

Figure 3. Distribution of chain sizes forNm ) 64 and various values
of λ (as marked).

Figure 4. Representative snapshots of a polyion (white) withNm )
64 and counterions (black) within 5σ from the chain forλ ) 0.0, 0.1,
0.2, 0.3, 0.4, and 0.5 (from upper left) andlB ) σ. Solvent molecules
are omitted for clarity.
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To investigate the pearl-necklace structure formation more
systematically, we monitor the number and the size of clusters
in a single polymer chain using the nearest-neighbor distance
criterion of Stoddard.47,48Two nonbonded beads are considered
to be in the same cluster if they are closer thanrcl, wherercl is
the critical bead separation. For atomic clusters where there is
no bond between atoms, the appropriatercl is in the range of
1.3σ-1.8σ.48 However, for clusters within a single polymer
chain,rcl should be chosen such that two beads connected by
two bonds are not identified as a cluster unless they are close
enough. In fact, the number of clusters,Ncl, is strongly dependent
on rcl, and a careful choice of this parameter is important. Figure
5 depicts the number of clusters as a function of the cutoff
distancercl for Nm ) 64, lB/σ ) 1, and various values ofλ. The
variation of Ncl with rcl is different depending on the chain
conformation: it decreases monotonically for collapsed chains
(λ ) 0.5 and 1.0), but has a maximum in other cases (λ ) 0.0,
0.3, and 0.4). The initial increase inNcl for extended chains
reflects that clusters are bound loosely by weak solvent-mediated
interactions. The decrease ofNcl for both extended and collapsed
chains can be explained by the fact that neighboring clusters
merge asrcl is increased, thus resulting in the smaller number
of clusters.

An analysis of the clustering of monomers provides a picture
that is qualitatively consistent with the idea of bead-necklace
formation. To analyze conformations in terms of clusters, we
set rcl ) 1.2x62σ ≡ 1.347σ, which guarantees that beads
separated by two bonds are in the same cluster only if the angle
between these two bonds is approximately less than 90°.

Parts a and b of Figure 6 depict respectively the number of
clusters per monomer bead,Ncl/Nm, and the number of mono-
mers in each cluster,Scl, as a function ofλ for lB ) σ. The
results for a neutral chain withNm ) 16 are also shown for
comparison. (Note that the ordinate in Figure 6b is drawn on a
logarithmic scale.) There are several notable features. First of
all, Ncl increases asλ is increased from 0 to 0.3 and starts
decreasing rapidly for larger values ofλ. This is in contrast to
neutral chains where the number of clusters decreases mono-
tonically for all ranges ofλ. This maximum occurs just prior to
the collapse transition and can be explained as follows. When
λ is increased, the polyelectrolyte chain starts forming local
globules usurping nearby loose monomers until no loose beads
are left, and this leads to an increase in bothNcl andScl. When
λ is further increased, those local globules coalesce to make
fewer globules, which results in the decrease inNcl and an
increase inScl. Second,Ncl/Nm for various chain lengths
coincides at lowλ: i.e.,Ncl increases linearly withNm for weak
hydrophobic interactions (λ < 0.4). On the other hand,Scl does
not depend onNm in this range ofλ, as shown in Figure 6b.
These findings strongly suggest that clusters in a polyelectrolyte
chain are formed locally in short length scales, unaffected by

the whole chain size in weakly poor solvents. In the strong
hydrophobic interaction regime (λ > 0.4), bothNcl/Nm andScl

are, however, dependent on the chain length, indicating a global
conformational change. In fact, the total number of monomer
beads participating in clusters, divided by the chain length, is
independent of the chain length in this regime (not shown).

Another important distinction between the conformations seen
in these simulations and those in previous work with implicit
solvent is that the monomers in the bead structure are held
together in a fairly loose fashion in this work compared to what
has been observed previously. The breaking up and re-forming
of the beads occur fairly rapidly because the only driving force
is the surface tension of the solvent (there is no artificially strong
attractive interaction between polymer beads). This could be a
reason why these structures are difficult to observe experimen-
tally.

The loose nature of the cluster formation results in a
distribution ofNcl that is considerably broad, except when the
chain is collapsed. Figure 7 depicts the distribution ofNcl for
Nm ) 64 andlB ) σ. The peak of the distribution moves to
higher values asλ is increased to 0.3 and then moves to lower
values asλ is increased further. Note that the width of the
distribution forλ ) 0.0 is almost the same as that forλ ) 0.4,
which is near the collapse transition. Incidentally, a bimodal
distribution of Ncl is not observed forλ ) 0.4, in contrast to

Figure 5. Number of clusters,Ncl, as a function of the cutoff distance,
rcl, for Nm ) 64 and various values ofλ.

Figure 6. (a) Number of clusters,Ncl, and (b) the average number of
monomer beads per cluster,Scl, as a function of solvent quality,λ, for
variousNm. Two beads belong to the same cluster if their separation is
less than 1.2x6 2σ ≡ 1.347σ.

Figure 7. Distribution of Ncl for Nm ) 64 and variousλ.
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the distribution of the polymer size. We also do not observe
any distinctive transition between different numbers of pearl-
necklace structures, although we cannot rule out the possibility
of those transitions for much longer chains.

C. Counterion Distribution. In the original version of the
counterion condensation theory,49 when an infinitely thin charge
rod is placed in solution, the free energy diverges for sufficiently
high polyelectrolyte charge densities. This divergence would
be avoided if counterions condense or collapse onto the rod
thus reducing the charge density. Although the condensation
of this nature cannot occur in systems with finite excluded
volume, the correlations between counterions and polyions are
expected to become stronger as the solvent quality is decreased.
We define a parameterê to estimate the degree of counterion
correlation

whereNcon is the number of counterions within a certain cutoff
distance,rc

cc, from any monomer on the chain, andNc is the
total number of counterions. Figure 8 depictsê as a function of
λ for Nm ) 16, 32, and 64 withrc

cc ) 2.5σ. (The results are
qualitatively similar for other reasonable values of the cutoff
in the rangeσ < rc

cc < 4σ.) As λ is increased,ê also increases,
with the same trend for all degrees of polymerization. This is
because the decrease of the solvent quality causes the poly-
electrolyte chain to contract, thus increasing the electrostatic
repulsion between monomer beads, which promotes the “con-
densation” of counterions. What is interesting is that whenλ >
0.6, ê continues to increase although the chain size remains
constant; forλ ) 1.0, about 80% of counterions are localized
near the collapsed chain. Considering that the monomer
concentration is 0.004, which is in the dilute regime, this high
percentage of condensed counterions is mainly due to the strong
electrostatic correlation between monomers and counterions.

D. Static and Dynamic Structure Factors.The intramo-
lecular static structure factor (or the form factor),ω̂(k), is defined
by

whereNm is the degree of polymerization andrij is the distance
between theith and jth monomers in a single chain. The
intramolecular intermediate scattering function,F̂(k,t), is the

spatial Fourier transform of the corresponding van Hove function
and is defined by

where rij(t) ≡ |r i(t) - r j(0)| is the distance between theith
monomer at timet and thejth monomer at time 0. Therefore,
ω̂(k) is equal toF̂(k,t) at time t ) 0. The functionsω̂(k) and
F̂(k,t) are calculated using methods described elsewhere.43

Figure 9a,b depicts the single chain static and dynamic
structural properties forNm ) 64 andlB/σ ) 1 and for various
values ofλ. Figure 9a depicts the single chain structure factor
plotted in the standard Kratky form. In the scaling regime,ω̂(k)
scales ask-2 and k-1 for ideal chains and rods, respectively,
and a (Kratky) plot ofk2ω̂(k) vs k therefore displays a plateau
for ideal chains and is an increasing function ofk for rods. For
λ ) 0 and 0.3,k2ω̂(k) is an increasing function ofk in the scaling
regime, for λ ) 0.4, there is a plateau reminiscent of the
behavior of an ideal chain, and forλ ) 0.5 and 1.0, a prominent
peak ink2ω̂(k) is manifest forkσ ≈ 0.7. Forλ ) 1.0, a second
peak is present forkσ ≈ 2. This behavior is consistent with the
chains being extended for low values ofλ, being close to ideal
for intermediate values ofλ, and being collapsed globules for
high values ofλ. The analysis of the cluster formation and visual
examination of snapshots of configurations provide a rather
different picture of chain conformations, however, suggesting
that the single chain structure factor does not provide sufficiently
detailed information on chain conformational behavior. Similar
conclusions were reached in the analysis of simulations of two-
dimensional polymer chains.50

The structural correlation (or ordering) atkσ ≈ 2 for λ ) 1.0
has a significant effect on the conformational relaxation of the
chain at that length scale. Figure 9b depicts the intramolecular
intermediate scattering function,F̂(k,t), normalized byω̂(k), as
a function of wavevector at timet ) 10 for various values of
λ. The figure clearly shows that the relaxation of the density-

Figure 8. Fraction of “condensed” counterions,ê, as a function of
solvent quality. A counterion is considered to be condensed if it is
within 2.5σ of the nearest polymer site.

ê )
Ncon

Nc
(5)

ω̂(k) )
1

Nm
∑
i, j

Nm 〈sin(krij)

krij
〉 (6)

Figure 9. (a) Static intramolecular structure factor,ω̂(k), of a 64-
bead chain (multiplied byk2) for various λ. (b) Intramolecular
intermediate scattering function,F̂(k,t), normalized by its static
component,ω̂(k), for a timet ) 10, for various valuesλ and lB ) σ.

F̂(k,t) )
1

Nm
∑
i, j

Nm 〈sin(krij(t))

krij(t)
〉 (7)
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density correlation forkσ ≈ 2 is slowed down forλ ) 1.0.
Notice thatF̂(k,t)/ω̂(k) for λ ) 0.5 shows no sign of slowing
down although the size of the chain atλ ) 0.5 is almost the
same as that atλ ) 1.0. This suggests that the collapsed chain
is much more mobile and flexible forλ ) 0.5 than forλ ) 1.0.

E. Diffusion Coefficients. The long-time self-diffusion
coefficients of counterions and solvent atoms are calculated
using the Einstein relation

where ri(t) is the position of theith particle at timet. The
diffusion coefficient of the center of mass of polyions,Dm,
relative to the solvent diffusion coefficient,Dsol, is depicted in
Figure 10a forNm ) 64 andlB ) σ. Since there is only one
polyion in the simulation box, the statistical uncertainties are
large. Nevertheless, the general trend is clear: collapsed chains
in the range ofλ ) 0.6-1.0 have a higher diffusion coefficient
than extended chains. This is expected because the diffusion is
inversely proportional to the hydrodynamic radius of polyion
chains. The effect of the chain size on the dynamics is more
pronounced in the rotational motion of polyions. The rotational
relaxation time,τR, of the end-to-end distance,Re, of polyions
is shown in the inset of Figure 10a. (τR is obtained by fitting
the time correlation function ofRe using A exp(-t/τR) + B.)
Since τR scales asR2, collapsed chains relaxes an order of
magnitude faster than extended chains.

The self-diffusion coefficients of counterions and solvent
atoms are shown in Figure 10b forNm ) 64 andlB ) σ. The
counterion self-diffusion is slower than the solvent atoms for
all values of λ, and the solvent dynamics is only weakly
dependent onλ. This is expected because counterions are
strongly attracted to the polyelectrolyte chain by the electrostatic
interaction. Although there is no permanent trapping, it slows

down the translational motion of counterions. Therefore, the
behavior of the self-diffusion of counterions is closely related
to the correlations between counterions and polyions. This is
clearly seen from Figures 8 and 10, where the functional form
of these two properties as a function of solvent quality (orλ)
shows a similar shape.

IV. Summary and Conclusions

Molecular dynamics simulations are presented for the proper-
ties of dilute solutions of salt-free flexible polyelectrolytes in
poor solvents. Results for the average chain size are similar to
what is seen in simulations with explicit counterions but with
implicit solvent. For example, the size of polyelectrolyte chains
shows a nonmonotonic dependence on the Bjerrum length in
good and slightly poor solvents but monotonically increases with
the Bjerrum length in very poor solvents. For very poor solvents
the chain collapses accompanied by the migration of counterions
to the vicinity of the collapsed globule. Consequently, the size
of the collapsed polyelectrolyte chain is always larger than that
of a neutral chain.

We do not see clear signatures of the pearl-necklace structure
in snapshots from the simulations. However, an analysis of the
cluster formation in the simulations suggests clustering consis-
tent with the local cluster picture except that the blobs are very
loosely held. The number of clusters in a single polyelectrolyte
chain is a nonmonotonic function of the solvent quality. We
interpret this to mean that as the solvent quality is decreased,
polyelectrolyte chains form local cluster structures, and when
the solvent quality is decreased further, the chain collapses into
a spherical globule. The local cluster structures are loosely
formed by the surface tension between monomers and solvent
atoms. Consequently, the local cluster structure is not as stable
as inferred from simulations without explicit solvent. As a caveat
we note that, because we have finite simulation cells, the
simulated polymer concentration is higher than in previous
simulations with implicit solvent.

The single chain structure factor does not display signatures
of the bead-necklace structure. A standard analysis of the single
chain structure can be misleading and is not consistent with
the more detailed information available in the simulations. In
poor solvents, the single chain structure factor shows a peak
nearkσ ≈ 2, which corresponds to a short length scale ordering
of the monomers. The relaxation of the chains on these length
scales is slowed down by this correlation effect.

The large statistical uncertainties notwithstanding, the simula-
tions show that the polyion diffusion coefficient is clearly
affected by the solvent quality. The counterion diffusion
coefficient is also affected by the quality of solvent because
the polyelectrolyte collapse induces more counterions to be
condensed in the collapsed globule. The counterions are not
dynamically localized, and the counterion self-diffusion coef-
ficient varies by a factor of 5 over the range of solvent qualities
investigated. The behavior of the counterion diffusion coefficient
tracks that of the number of counterions in the vicinity of the
polyion.

The effect of incorporating the solvent explicitly on the
properties of polyelectrolytes in poor solvent can be significant.
The nature of the pearl-necklace structure is quite different when
the solvent is incorporated explicitly compared to previous
studies. The main difference is that in simulation without explicit
solvent the monomers in each cluster are strongly bound by
strong pairwise attractions, hence making the structure very
stable. With explicit solvent atoms the cluster is held together
quite loosely and therefore breaks apart quite easily. This could

Figure 10. Self-diffusion coefficients,D, of (a) polyions, (b) coun-
terions, and solvent atoms as a function ofλ, for Nm ) 64 andlB ) σ.
In (a), the polyion diffusion coefficient,Dm, is scaled by the solvent
diffusion coefficient,Dsol. The inset in (a) is the rotational relaxation
time, τR, of the end-to-end distance,Re, of polyions.τR was obtained
by fitting the time correlation function ofRe usingA exp(-t/τR) + B.

D ) lim
tf∞

〈(ri(t) - ri(0))2〉/6t (8)
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explain why the pearl-necklace structure is difficult to observe
experimentally, especially since no signature is seen in the static
structure factor. As a caveat, we note that the solvent model
used in this work by no means represents water in a realistic
fashion. In particular, the solvent molecules do not alter the
electrostatic interactions between ions, which depend only on
the interion separation. Polarizability and local dielectric effects
are not considered and could be an important aspect of real
systems. This work suggests that incorporating solvent mol-
ecules explicitly could be important, and an investigation of
more realistic explicit solvent models is therefore an important
future direction.
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